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Introduction 


[ne success of Maxwell' 


electrody 


that have degrees of 


then. lowever, Gauss suggested t 


theory in which the action travelled at a finite 


might be possible. 


action-pri 


that involved only direct interactions between pairs of par 


icles. a feature of this theory was that the 'pseu 


introduced are the half-retarded plus half-advenced fields 


:laculated from the world-line 


heeler and Feynman, and, in а 


vere able to show that, provid 


conditions were satisf 


sive the observed fie 


à similar 


&ueory to general space-times а 


On 


for their 'C'-field 


It is with these 
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It will be 


advanced fields are infinite,snd 


"his is because, unlike electric уе tl 
une 51 
2. The Boundary Condition 


Hoyle and Narlik: lerive пеогу from t 
action: 
Poe am (| С (а,Ь) dads, 
а b 
ere the integration is over the world-lines о rti 
а b [n this expressior G is a Green functio 


that satisfies the wave equation: 


COGN gir ER G(X’) 2 $ (x. x^) 
9j = <= 


particles a,b , only that part t Gla b) that is 
ymmetrical between & and b will contribute to the action 


1 be written 


= (| C" a,b) аа, c b 


where G^ (a b) = 


nF 
Thus G must be 


be written: 
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ion 


of the Qu , Іоу1е and Narlikar obtain the field-equations: 


(Xm GO] (Reg 39: К) 


24 : И] (a), (br (b) « (b) 
“ЭЛИ ОСЫ; Саат D sma )+ 
дек Ju „к ‚К 
afb ! 
2 (а); + (b) 
0 Jin Mm PA eds 
wW , 
° of the field-eq S is d 
\ > t for the 10 components of q 
) “J 


ioyl ü., 
the nth equation. By then m 
approximation, that is by putting 


ato 


uations: 


q 


Le О АЕ e - 
om CK, : D , 


they obtain the Einstein field 
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Ssidie, out in tne 


se solutions of the 


Ф 
É 
[ 

i 

o 


the additional requirement: 


This requirement is t i a: own 
that it is not satisfied for the cosmological solutio: C 
the Einstein field-equations, and it ar th it cannot 

satisfied for any models of the that either 
contain an infinite amount of matter or u rgo infinite 
expansion, 


might be infinite. 


[he Newtonian potential $ obeys the equation: 


9 < 


- «р (р 70), 


where е is the density. 
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neor 


tion and so mey ignore 


advanced solution 


the finite 


retarded solution. 


Similarly in the 


particle on theory t 


the equation: 


Om + £n 


Mm -field satisfies 


I - + : i 
where N is the density of 


Newtonian ca y the 
pansion of the universe will to make the tarded Lut 
nit the advanced solution infinite. iowever, one i 


now not free to choose the fir 


retarded solution, 


juation derived from a direct-particle interaction action- 


principle 


particles, and one uust 


choose for fw 


olutions 


shown to the 


ne 
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in which they become М 1 
dta Lda dp^v p (db Gs p e2 Q7 
" b 
= Душ elon Te е 
ab 


where Jo is the flat-space metric tensor and 
ahb 


J iti E + GK Ct o o l, 


3i IL (р) ETA ROS 5-4 = 


For example, for the #instein-áde Sitter universe 


universe 


(-0 £640) 
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x< 
Green function C (a, b) 
EEA M 1 орж 
AG (a,b) ^ EKG (o, NE 
Vc 
From this it follows that 


| j о 
А NAT h eo St Ce à 
ПИ ӘК (A ору. SEEN (Eos) 
= \ ox" 


A 


is given by | Л. م(‎ 


„СЛ dx* + mun Mady 


The'™ -field 
m) = 


Рог universes without creation 


universe), 
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3 2 ~ 
NY тї dt 


Gre 


where the integration is over 
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Llm + ¿Km 


is not, in а cosmological metric, the half-advanced plu: 
half-retarded solution since this would be infinite. In E 

t о the ins stein—-de 1 e ste -Stat LCS, 
it is the pure retarded solutio 


Hoyle 


nteraction the 


Stephen Hawking, All Rights Reserved 


Inches 


uffixes a, D 
/ 


whens the s it 
G (a,b) on the we of a, b хт c l 
N 
G is a Green function obeying the equation 
A : / 4 
px es ee) 
"erm 
J 
e defin he 'C'-field b ESA { 
2 Í \ Jw 
OSE Z JG (x,a) de, 
a 


e vnu 0 
еге matter is created ог destı 
in the case of the 'm'-field, the Green function 
must be time-symmetric, that is ^ $ 3 


^ i m D Oia ED) 
Glob) = & 6.69.0) n 6% 8) 
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obtair 


ill be 


finite and its gradient time-lik 


is universe, 


claculating the ad 


finite. ve 


if their 


Will show that the advanced 


Let the advanced field 


her et dC 
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of t 5 
hypersurface D 


therefore the 


calculation 


is worth noting that this re 
umptions of a_smooth distribut 


of conformali flatness. 


Stephen Hawking, All Rights Reserved 


ol the w 


re t although 
>t boundary co 
ive a unique model for the univer ut allo a W ° 
of models. Clearly a ta thet b ) ° 
possible solutio wou be ^I 
likar (ъа 
L 
requirement t = 2 
ıt to a boundar 8 
have n ove, this c t 


pona to tne 


эг models 


calculations 


legitimat 


proximatic 


thi ipproximation is invalid, it that t 
theory yields the Einstein equations. 
It might local irrezulariti oul e 
May finite, but this certai jemon 


ana seems 
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field would have tne 


would have positive graviteationa 
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eodesic. 


of positive 4 . Its 


vould be to 


properties 


negative negativ inertia 
e matter i 
rop co 
there must clearly be separati a large scale 


would 


ot be 


raise 


more 
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Perturbations 


universe have be 


(1) 


and relativistical 


(= () 
(3) and Irvine P. I 


Bonnor 


Khalatnikov 


variations of the metric tensor, T} ge that the 


metric tensor is not a 


one 
cannot directly asure it, It is 
thus not obvious what ical retat of a given 
perturbation of d have sical 


signif 


о a coordinate trans 


formation. Instead sal in term 


perturbations of the quantity, the curvature. 


2, 
Space-time is 1 ension e 
with metric tensor g,, of signat Covariant 


in this space is 


uare bre 


ct 


indices indicate 


The conventions for the 


Nabe is the 


Units are such that k 


alternat ing te 


light are one, 
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The Field Equations 


We assume the Einstein equations: 


sor of matter. We will assume 


where T is the energy momentum t 


ab 


that the matter consists of a perfect flu 


U TU ca. M 
a 

R is the density 

h is the pressure 

hab = „+ US u, is the projection operator 


into the hyperplane orthogonal to Ua 


We decompose the gradient of the velocity vector U, as 
a 


Usb Wart Sap t $ Һа 8 - u, u, 


where Qe = Usb u* is the acceleration, 

FCS хиса is the expansion, 

9,, = (ej) ha pA -4 hab is the shear, 

Wah = utc;d] Res hi, is the rotation of the 
flow lines U_. We define the rotation vector Wa as 


we = 0) 
We may decompose 


into the Ricci tensor 


the 


TUE and the Weyl tensor 
ab 

R abed = Cabcd - Sara 

2 


Cabed = Сю] 
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Capea is that part of the curvature that is not determined locally by 
) 


the matter. It may thus the free gravit- 


ational field (Jordan, E We may decompose it 


into its "electric" and 


) 


t components. 


2 
H 
ab 


regard the 


R 
оь cd 5e] x 


o 


Then x 
(6)) 


“ы = T TES 
(CDI Een?! e[be]+ ¥ Sepe Ria] (Kundt and Trümper, 
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Using the decompositions given above, we may write these in a form 
& 5 , 


211 equations. 


analogous to the 
b ped < b t 
he Epc h + 5 Has" - Poteau’ oe H 


b = err еа š 
ДУ ЫШ О h'* s Баро - abcd осе ЕЁ (hth) We 


2 
E Ë p ey d;e E c : 
ob * Ро уеде Че He + EG - E (a Wy. 
- E c er 
Ë (а Fb, T Yocde У) besar usur ods E 
К а М Р ч 
+2 Habeas UTUS = - Z(Mth) Os ; (3) 
В = ase A c 
L Ha ~ Һа тусда u° E, + H. 0 - H a, dc 
уе 
Н Ф. -hoede Yopgr UD uP O 73 H <" (h) 
4 
t2HaWbede CL E А 
теге lL indicates projection by b orthogonal to О. 
(efe Trinper; 0). 
The contracted s give, 
/ 
R ==. yb 
( R labe mo A 


The definitien of 


Uajtbe] = 2 Rapbe uP 


at may be regarded 


s as 


Using the decompos 


as “equations of motion", 
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ropic 
gonal to 


the motion 


and 
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From these we see. that perturbations of rotation or of Eb or Hop do 


not produce perturbations of or the density. Nor do 


perturbati ional perturbations. 


Since in the ite the rotation and acceleration 


are zero, Оа must ре hypersurf 


orthogonal, 


ee i 


a j РД 


where T measuresthe proper time along the world lines. Аз the 


surfaces T = constant are homogeneous and isotropic they must be 


3esurfaces of constant curvature. Therefore the metric can be 


written, a 
45% = - ат" + (i dy* 
where Ç) = Qc) 
, 


dy“ is the line element of a space of 


zero or unit positive or negative curvature. 
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jerturbatio 
olutionary 


initial 
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thén have 
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urface 


a sum of 
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to 


suppose we 


energy of the 


Thus 


Stephen Hawking, All Rights Reserved 


© Stephen Hawking, All Rights Reserved 


Stephen Hawking, All Rights Reserved 


Raychaudt 
Hoyle F., 1 J.V. 5 ^oc, Roy. & A, 28 184 (1964). 
Hawking S.W.; © К , À,-in—print. ZK Z/> Us) 


Hoyle F., Narlikar J.V.; Proc.Roy.S A, 273, 1 (1963) 


© Stephen Hawking, All Rights Reserved 


of the out; 


components 


г, 
TE jecium re initially s ic, its own self gravi lo 
use it to contract in on itself and it would e to 
be static. ence one is force e gravitsti 
raüiation in matter that is either contre ting or ing. 


As in Chapter 


cure. 
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each infinity and so 


jlarity. It 
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ions about the 


ie will therefore 


е (C) which corresponds to th 


contractir igain 
2. Newman-Penrose Fo 


ve employ the notat of ] and 


ad of null vectors, П! ) ff 
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EE Был 


im lh b'l 


E08 (2-0) (2.0) 


Ао eS oer Ge j) ( N 
Cue 


O Stephen Hawking, All Rights Reserved 


es 


is in Chapter 2 we use the Bianchi identities as 
field equations for the Weyl tensor. In tne Мемшап-Репгоѕе 
formalism they may be written: 
(I am indebted to R. G. McLena;han for these) 
5 M. -3 ¥ 20, - $4 = fa Jo - ép V, Que) e 
r2e do 7 26%, 


3($ a Я рар) + 2009, -Sho ) $$, PA 9 s Злу - Ip ТА 
+ 6 YP а oe 2 م‎ УЕ مر(‎ om отур 
ү i(t-2 4g 4 redd C1533 


(p. 02 


(AV - e + 2(00,, - Š pi ¢,,) > dd 
Ў bly- yt xd о 
u my) ллы 
+ (94 + 2-0 Bye ba (з 3e) 
($45; - Di)» 4,, Fo) + 2 ($9. -4д„)+ © ^ 
т te^h - 2rd, + LA Qo, = gs of )ф 
+ v* @ + (Bx le- TA) 6, 460,» 
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3(Ays- SPs ) + (D455 ba) + 283,7 A 4) 
= 6v Y, y: Tp Pa d 6 (g— Т) UW sr 3€ 7 
т 4и фы фот 2(2=-.)ф, 219.9 
с & ^ rz rm 2( = = 46 ) 9 Y A (B+ 2) P =e 0 (256) 
5 +, y Db, any one Аф. = AR E |, - py 
- edu + Dur Cap- pop) d. 
+ U < кусы (359) 
А Аф AG, = Зиа Oy n. 
+ (48 - t) mra — 2 V^ 9, ET @ JE Q À Фа 
+ 40) фе (4-28-22), 
Dh~- $6 z fous Ado, SEM 36 = (2-р £ 28$ X ا‎ 
7247 4. Of- 24-2) 6, dod э og, (1.53) 
?ф ~ 5 Po 5 Poi A Poot SDA = (2 jou Ty - a) $. - 240 Es E)À 
- (K+ T) (p Pat Eha re $5. (5.60) E 
02-5 4-79. 49, 344 = иф + 74, лу 
m. » ax 29 Аф, + (2% _ т) фт (26 ~ DoS 
ШО (ОЛО ч АХ 


ДУ, 
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Inches 


cm 


undisturbed 


ETN S054 Cape? -de?-sink 
2902 = ACcosh E -1) 

put tu _ b Se 

aE Sac [ -dur Qa uot ES Ce- wld Gy sine CLG) 


Ж ГА ЙК: гыр DTN 
o (48^ esie d $2) 
! 


ù is a null coordinate — 
lo calculate f“, the affine parameter, we note thet С 

is an affine parameter for the metric within the 

brackets. Therefore КЕЕ f pe eC т Р (и, e, $ ) (4 29 


will be an affine parameter for (& - 1) 


В is constant along the null geodesic. Normally it 
would be taken so that f = O when Gren: . However, 


in our case it will be more convenient to make it zero and 


Ку Эш? Я 
| E LE (¢ 3) 


95 are surfaces of 


define V as 


[his means that surfaces of 
constant £ . This may seem rather odd, but it should 
be pointed out that the choice of R will not affect the 
asymptotic dependence of quantities. That is, if 

£ = O(r7^) 
Then 


ROC TO) de r+6 


2 
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њ 


It proves easier to рег 


choice of Ё but all results could be 
t i mor 10 l coordinste system. 
2 qus E» E П 3 : 
irom (4 3) = б [МЕ = 2 Sint Cr is) G ч) 


The matter in the universe is assumed to 
energy tensor may tte 
= VAV (ç S) 

Ts ips uw b =< 


Рог the undisturbed case, from Chapter 


№ 


where $ l M d 


erefore if we try to 


she result will be very messy and will involve 


the form tog S * 


*It should be pointed out 


assumed to be valid 


ned to converge 


quantities concern 


Asymptotic ansions - Dover 
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forn 


ill be defined / 5 
it is i 
Сх) 
re NATA 
then A 
dI . М و‎ 


E [ pedum pss qu. 
wp a Mira ау 


For the third and fourth coordinates it is more convenient to 


use stereographic coordinates than spherical polars. 


Since the matter is dust its energy-moment 
and hence the Ricci-tensor have only four independent 


as A, Pa ‚фо, 


(since Qo, is complex it represents two compone 


comp 


f these the other components of the Ricci 


Be 
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Inches 


For the undisturbed universe with the coordinate system 
ziven: A = us 2 A 


24 Га 
foe > 38 


a3 
a (4.1) 
) 5 ) = 
q О оз 7 Ө =» 
Using these values and the fact that in the undisturbed 
1 +h ^ bs А A T CUIUS d ZH EIE 
universe all the are zero, we may integrate equation 


(5. 10-50) to find the values of the spin coefficients for the 


unperturbed universe: ç ‚0% 2 2u Pf 
Кд А a V NE эк 


Í ju 
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Inches 


5. Boundary Conditions 


sh to consider radiation in a universe 


iptotically undisturbed univer 


proaches 


and 


erms of sm 


proce S 
that will iit radiation, 

te the 

turn out to have their U derivatives 
dependent only on themselves and not on 
of Y, ; the radiation field. “hey are thus disturbances 
not prod od by the radiation fie and will not be cor d. 


a method of 


сс 
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approximations. We take the undi 


sturbded values o спе S 


coefficients and use 


u to solve the Bianchi Identities as 


field equations for the conformal tensor 


Te 


A S. 
boundary condition that 7 z Or ) . Then sut 
in equations (3.i0- 2?) calculate the 


ances inauced in the spin coefficient 


tS and subst 


back in the Bianchi Identiti 


s, calculate the dis 


Further iteration does not affect the orders 


of the disturbances. 
oth these methods indicate that the boundary conditions 


should be: 


Д2 V tun (SF) 


oe обо?) e 


We also assume"uniform smooth 


д. 


"i 
e e 


Ç 
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itv 


hold on 


will be shown that if these boundary conditions 


one hypersurface (ù = const.) they will hold on 


ceeding hypersurfaces and that these conditions are the 


to permit radiation. 


intesration 


Newman and Penrose, we begin by integrating the 


equations (5. 10 &11) 


where 


Dp = f+ oe * Poo 
Jer реу 
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Inches 


cm h 


mea DI P*- © ; 

let. PP РИИ (6.2) 

de ра. —Qy (6:3) 
since | т Фат 2 O 


D Ní = Fr об) where і is constant /¿ 9, 
КЗ . 
However Or o(r rl = id's 
therefore D^ ¥ = -rQF +O 6 B ) + б (17 i) (6.5) 
therefore DY - Pro (7 E 1) 


il 2T P r OG 3)E Cis constant 
PEST OGD) С) 
If £ is non-singular (The case F singular corresponds to 


asymptotically plane or cylindrical surfaces and will not be 


considered here). 
-1 


Lr Or 3) ал". d?) 
xe C EDS) (6.7) 

Jobs UR ie 
= Lys 


ООО) 


Then using: 0 دى‎ à 
DAS O O E gin 3 
2 2 ) 


Thus f 
Ó 

Let e 
б 


where 
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(eos ered Cane 
n 1 1 1 | 1 
E ptm pe T 


Е 


А EE OC Arr s o) gms 
9 400). DESC) | 


Integrating, 


therefore 9 => - A + O С РЕ ¢ 519; 


ion eas 
ok (2+ ос) SERO yr aiken) 


therefore 


jes e CD 
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= 


= -9317- 432.9. SRE 
б = 15:02 А 


' 
ENS 


where 4 O (Gs ОРЕ) 


OUO) 

eru: ah (2 + 60) 2 09172 
eb ee Ce CR но. 
og (air 003) о Gne s 


4 s gunt) + 0)2 (9922) (6-14) 


о 
Unlike Unti, we canno Q zero 
p H 4 ° : : 
the transformation 4 = 7 - 0 › Since this woul 
TM A А + JA. 
alter the boundary condition ES Or 
52> Эра 
Continuing the above process we ae: ive: 


e ү PEREA р) -5 
А": Е 5: A. I$) 
- ($^ (Рр Fa эт SED ?) 6.15) 


ЄС? x EOD O x y^? ical S 


/ PR 
(Ete) 
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To determine the asymptotic behaviour of ^Y, оќ „Р 


[us 
and 2 we use the lemma proved by Newman and Pen 
he A matrixfand th que E Br 
Ine n-xmw, matrixband the column vecto D are 


given functions of x such that 


B= o(x^?) 


The n x^ matrix ^ 


^ 
are bounded as x =) D . 3 is a column 
vector. 


‘or reaso:s to be explained below, we will assume for 


the moment that Ó, б ao) 


Q 3 = o(31 5) 
OU EQ Qo, 
Jx* dx? 
We take as Ef the column vector 
2 зд 2 203 суз 23 eE ( ET, -] 
E A, 5l 40 6,52 pee? EP t 3ا‎ 00| 
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6A бА ooo оо 
Ord ooo O: O 


Qo-| -0000 0 


1740 o-1090 0 9 
R аа b are opi) 
ERR ANDE 

ma Wi = (~7 


«f, Ber eon 
ol) 


m 
ES 
o 


° 


бо ого о олон ОО 


~9 


expressions i 


Q 


Q оо Q 


О 


We aa 
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iy ша} i null rotation of the 
eodesic Up = L " AN і 
Rie = Арта Mar aftr FA Cp 


M “u 3 Mp. ra Cu 


o is constant alone the geodesi ince tet L 
illell ransported 
SW ыл NO 
By taking da = 2 С е шау п D = U 
ide null r tion 
d' «ео: $ 
eet 25 
thus until we have speci he null rotation we cannot 
impose boundary condition on Ф57 more severe than 
c £ q^) . We will specify the null rotation by 
ОТР 
CRUEL and in that tetrad 


cs 


-4 
boundary condition that Ф, = o 
1 
[hen by using this condition on 0 and 
o 


by equation (в. ч 4) 
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Inches 


putting this back in equation 

шә = 

ру equation (29) 3 
- x^ ç 

Son š o(3) lo5 52) 


by equatior (3 12) 


yy equation (3. vy) 


А СЕО 
оу equation (3, 12) 


опе may show that 


uniformly smooth. 


esc 


Addin; equations 


y, - Du, t Dp. =$), DA- X= Set 2a С ۳ O dim o 


+ Je Q, E TPs. /L 25) 
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using this in 
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D 


equations '$.|3, 3. Е $ 1516, 3 Б $ eS 


3.66 
t 

972 с-з 2 n3 6 ) Ory «¬4 егу -3) /, 

ЕА р cc a (SA E, [549 EMO? )( if) 


Re ~2 c 4 5 > Som — 7 
57227 -0G*XL^ 5, 4(3 Pe посо R96 VN O( 


- y Se Ur 
š 


Y 
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"J^, 
ү: 


3y equation (2. Is) 
O 6 е? ANY CERAM f SN 
ANO P LC Үр 32 7) (6.60) 
By the orthonormality relation (2 2) : 


с 


у" = (бе 5 
A ATO 
L, - Si 4 
“(eet ig "y r[*281^7).o0(n7) EX) 
By making the coordinate transformation 


CL = (л 


мпеге 


have the coordinate freedom 


x* 2-6) 


le may use this to reduce the leading term of 
& conformally flat metric (c.f. Newman and Unti), that is: 


= asa 25 СЕВ) 
_ 9 PP م‎ (Л oe 7 1 LG CIEN, 


8 
9 


Stephen Hawking, All Rights Reserved 


n equation 
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Inches 


if Se | Super a! 
y making a spatial rotation of the tetrad 
Et ane 
(PEE RPM eC 
9 real. Ме take ل‎ T2, (Х ( J) бе 
actor for & 
ah e 
Y J 
nà рү ру 
- AY СУР VP? 
< 


ET 7 
Иа GS 
т (2.57) 6.60) 660) 
KODE) 
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cm 1 
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sondition 


cho Ghee co боз 


‘arver with 4-velocity W 


sity С 
1) an 
congruence 
finite aff sly if the flow-line i 
irrotational congr ба ill be Si l 


and hence 


universe 
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201 ruence 


7 condition (a), 
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